Most bright sources of the radiation in hard x-ray and gamma-ray regions are undulator sources and Compton based ones. These sources are ultimate for production of polarized positrons necessary for future linear colliders ILC, CLIC. We developed a novel method for evaluating the energy spectrum of electrons emitting the undulator-and the inverse Compton radiation. The method based on Poisson weighted superposition of electron states is applicable for whole range of the emission intensity per electron pass through the driving force, from much less than unity emitted photons (Compton sources) to many photons emitted (undulators), and for any energy of the photons. The method allows for account contributions in the energy spread both from the Poisson statistics and diffusion due to recoils. The theoretical results were confirmed by simulations. The electron energy spectrum was used for evaluation of the on-axis density of photons and their coherency making use of the 'carrier-envelope' presentation for the emitting photons. The evaluated maximum coherency degree of single-electron radiation is evaluated to be proportional to the undulator spatial period and inversely to the energy of electrons, the number of coherently emitted undulator periods almost independent of the undulator deflection parameter. The results of our study are applicable both for the classical limit of classical undulator and for the quantum limit of Compton gamma-ray sources.
I. INTRODUCTION
Most bright sources of the radiation in hard x-ray and gamma-ray regions are undulator sources and Compton based ones. These sources are ultimate for production of polarized positrons necessary for future linear colliders [1, 2] .
Both of the processes -undulator radiation and Compton inverse radiation -exploit the same physical principle (radiation emission by electrons moving along sinusoidal or helical trajectory), and are known and theoretically described a few decades ago, see, e.g. [3] [4] [5] .
Classical description of the undulator radiation predicts maximal brightness attained on the undulator axis proportional to squared number of the periods of undulator magnetic structure, ∝ N 2 u due to spatial interference of the waves emitting by the electron.
With increasing the electron energy and/or shortening the undulator periods, the energy of undulator radiation advances to hard x-ray or gamma-ray region where the quantum effects in radiation emission will be expected. The undulator radiation would resemble the inverse Compton radiation, brightness is proportional to number of the laser photons with which the electron interacts, ∝ N las (no interference of individual photons is expected).
In [6] there was emphasized that under the quantum approach, instead of number of the undulator periods one * bulyak@kipt.kharkov.ua should account for number of photons emitted, which actually much smaller than the number of periods. Nevertheless, since number of photons emitted directly proportional to number of periods, the result of [6] yields the same quadratic dependence of brightness as in the classical approach.
In other words, these two approaches, the quantum one based on the Klein-Nishina electron-photon interactions, see [7] , and the classical approach yield different spectralangular distribution of radiation. The quantum approach implies statistically independent quanta emitted, while under the classical approach all the quanta considered interfering with each other.
We studied limitation of coherency of undulator radiation caused by recoils undergone by ultrarelativistic electrons emitting the photons. Due to the recoils, the energy of the electron is degraded and acquired a finite spread (due to a statistical nature of emission of the individual quanta). Under the classical approach, the undulator radiation is suggested either to keep the electron energy constant [8, 9] , or to adiabatically decrease ('chirping effect' that can be eliminated by means of tapering the undulator, see [10] ).
Papers on quantum approach in undulator radiation predicted different energy distributions: in [11] there was obtained a brush-like distribution depending on the number of the undulator periods, in [6] the distribution is continuous depending on number of quanta radiated out. In a recently published paper [12] , the energy spectrum of electrons moving along an undulator is evaluated within the diffusion approximation. The energy distribution is continuous, some fraction of the initial delta ensemble got acceleration (the authors commented it as somewhat nonphysical). A case of multiple Compton backscattering considered in [13] shows diffusive behavior of the electron spectra.
The present paper is intended to cover the gap between a classical undulator radiation of relatively lowenergy electrons and a quantum one of high-energy electrons and the inverse Compton radiation (characterized by small number of quanta emitted per the pass through laser pulse).
The paper is structured as follows. In the first section there described is a method to compute the energy spectrum of electrons passing along the undulator axis. The method is applicable for any number and any amplitude of recoils. The second section comprises results of study on coherency of photons emitted along the axis by electrons with statistical parameters evaluated in the first section. A method of 'carrier-envelope' presentation is employed, which allows for estimation of the degree of coherency. A criterion for coherency degree is proposed. The third concluding section summarises the results and discusses possibility to attain coherency and thus high density of radiation in gamma-ray sources.
Numerical examples explore the ILC baseline source of polarized positrons: energy of electrons 150 GeV, a helical undulator with the period 11.5 mm, active length 127 m and the undulator parameter K = 0.92 (see [1] ), if other values are not indicated.
II. ELECTRON SPECTRUM ALONG THE UNDULATOR

A. General method
Consider a certain pass length along the undulator (from the entrance to the coordinate z), in which an electron in average emits ξ(z) photons: ξ ≡ average energy loss average energy of photon .
The average number of emitted photons is increasing linearly with z from ξ(0) = 0 up to ξ(L u ) = ξ * at the undulator exit. Number of emitted photons is supposed to obey the Poisson distribution law as being the statistically independent rare events (see e.g. [14] [15] [16] ):
where n = 1, 2, . . . is the number of photons, Γ(n) the gamma function. Figure 1 presents probability of emitting n photons by the electron at different average number of photons ξ.
Eq. (1) yields that the fraction of particles has not emitted a photon exponentially decreased with pass length:
A vector of photon number probabilities (weights) can be defined with the components given by Eq. (1):
B. Spectrum of electron emitted n photons Energy spectrum of an electron passing along an undulator can be presented as composed from the partial spectra corresponding to recoils caused by emission of n photons. We attribute the n-th electron state as average energy spectrum, normalized to unity, due to emission of n photons. Then the vector of states (in Hilbert space) can be constituted as:
with normalization
where γ 0 is the initial energy (Lorentz factor) of the electron at undulator's entrance, K, λ u the undulator parameter and period, respectively. Emission of a photon with energy ω decreases the energy of electron:
It is induced spread in energy as well. Let W (γ ph , γ) be a normalized to unity spectrum of emitted photons -i.e. spectrum of recoils -(here and below we omit indication of the undulator parameters λ u , K). Then, in general, the components of the vector (3) can be sequentially calculated:
Making use of centered the recoil spectra around the average value γ ph = ǫ + b with b(γ) ≡< γ ph >, Eq. (5) may be reduced to
Thus n-th state is translation by b the convolution of n − 1 state with the recoil spectrum. The aggregate spectrum of the electron having emitted in average ξ photons is dot product of the state vector (5) and the vector of 'weights' (2)
For the undulator and Compton cases the recoil is small, the spectrum of recoil w(ǫ) is almost independent of γ: b/γ ≈ b/γ 0 ≪ 1. For this case b(γ) = b(γ 0 ) is constant, the average energy of the n state and the variance are
Making use of these simplifications, the first two moments of the aggregate spectrum read:
C. Estimations for undulators
Let us consider, as an example, application of the developed method to the case of 'weak' undulator, which is also equivalent to the Compton backscattering source. The spectral density of the undulator photons in the fundamental harmonic is (see e.g. [4] ):
where G(K) is the normalizing factor, Θ(x) represents the Heaviside theta function; ζ is a reduced energy of photons; ζ ≡ ǫ phot /(2γ 2 ω u ). For the case of 'weak' undulator, K 2 ≪ 1; G(K) = 3/2, the centered spectrum of recoils reads:
where b = γ 2 0 λ C /λ u with λ C being the Compton wavelength, λ u the undulator period.
Substituting (12) into (6), we can successively derive the the electron states. The first five states are drawn in Fig. 2 .
The electron states possess following specific characteristics:
• The average energy is < γ > n = γ 0 − nb.
• The base span is (< γ > n −nb) ≤ γ ≤ (< γ > n +nb), no density above γ 0 and below γ 0 − 2nb.
• The variance of n-state density is σ 2 n = nσ • With increase of n the density shape gradually loses its individuality and tends to the Gaussian shape according to the Central Limit Theorem.
It should be emphasized that the major contribution to the cumulative energy spread (10) comes from Poisson superposition of the states ξb 2 as compared with the width of the spectrum σ 
It also should be mentioned that for 1D model considered in [11] (suggested a spectrum of emitted photons being of a delta-function shape, W (γ p , γ) = δ(γ p − γ max p ) ) the spectrum of electrons derived by means of our method coincides with that obtained by authors of [11] : narrow picks distributed according to the Poisson law.
Cumulative spectra of the first 5 states for relatively small ξ are presented in Fig. 3 , for large ξ (all the states approximated by the Gaussian functions) in Fig. 4 . In order to validate the analytical estimations, a Monte-Carlo code has been used to simulate the process of undulator radiation. The code, mainly intended for simulation performance of the Compton sources of hard radiation (see, e.g. [17] ), simulates the recoils of electrons due to a random emission of individual quanta with the spectrum (11). Fig. 5 represents spectra of electrons from simulations. Total number of particles 10000, the maximum number of quanta 800, the maximum energy of photons ǫ * = 0.002E init , the deflection parameter K ≪ 1.
As it is seen from the figure, the recoil spectrum resemble the fundamental harmonic with additional low-energy tail of small intensity for ξ 1. For the practical cases, ξ ≫ 1 the energy spectra resemble the normal distribution.
D. Number of emitted photons
Based on a brief description of the undulator radiation [8, 18] , we estimate the length along an undulator axis to emit one photon in average by the electron.
The total energy (in average) radiated by a single electron traversing the N u -period undulator is given by
where N u is the number of undulator periods, ω u ≡ 2πc/λ u ) the undulator equivalent frequency, λ u the undulator period, K the the deflection parameter, α the fine structure constant. We suggest a helical undulator, for a planar one the energy is half of (14) . The average energy of the undulator photon is almost independent of the undulator parameter K and equal to half of maximum energy in the fundamental harmonic at K → 0, see [5] .
Substituting the average recoil energy b into (14), we can derive the number of undulator's periods ν 1 to emit one photon by the electron:
For the case of K = 1, we have ≈ 137/3 ≈ 46 periods. This estimation is in agreement with [9] where ν planar 1 ∼ 1/α periods. Transition to the planar undulator corresponds to replacement K → K/ √ 2 in (11). For the Compton sources, the undulator spatial period should be substituted by λ u → λ las /2 (for the head-on crossing of the electron with the laser pulse, see e.g. [19] ).
III. FREQUENCY SPREAD AND COHERENCE
A. On-axis density and coherence
In the preceding section we regularized the electron kinetics: the energy spectrum of the electron passing along an undulator was derived as function of its position, initial energy, and the undulator parameters: the field strength and the period. In the present section, we use two first moments of the spectrum, the average energy and the spread (r.m.s. width of the spectrum), to evaluate a coherence degree of radiation emitting by the electron. The radiation will be presented as ξ L individual pulses, uniformly distributed along the undulator, the distance between consecutive pulses is equal to L u /ξ L (L u is the undulator length). We will consider coherence of the photons in the fundamental harmonic emitting along the undulator axis -1D model. The degree of coherence will be estimated with the following reasoning. The pulses are considered coherent if their field strengths are piled up, incoherent if the energies of the pulses are summed. The density of energy provided by j pulses reads
where u n (τ ) is the electrical field strength of n-th pulse, τ n is the offset.
If the pulses are normalized quadratically to unity,
then j pulses are considered fully coherent if power density is proportional to j 2 , and fully incoherent if proportional to j. A degree of coherency may be attributed as (see, e.g. [20, 21] ):
The degree of coherency (17) varies from Γ = 1 -fully coherent pulses, energy density ∝ j 2 -to Γ j = 0 -fully incoherent, the maximum density ∝ j 1 . As it follows from (16), the coherency is determined by the terms γ m,n = u m (τ − τ m )u n (τ − τ n ) dτ . Full coherency is equivalent to γ m,n = 1, incoherency to γ m,n = δ mn (δ mn is the Kronecker delta).
B. Regularization of emitted pulses
The pulses generated by the electron passing a long undulator, L u /λ u ≫ 1, may be represented with the "carrier-envelope" signal, see e.g. [22] , where the carrier frequency corresponds to the average energy of the electron, the pulse length is inversely proportional to the frequency spread induced by the spread of electron energy.
For a general form of a pulse,
where x is scaled along the undulator axis, the photon pulse spectrum, A(k) is related to the pulse envelope u(x, 0) via the Fourier transform (19) , and vice versa. In a dispersion-free space, ω(k) = kc, it reads:
At these conditions a pulse preserves its form and travels at the speed of light c.
Since we suggested that the frequency spread in radiation is induced by the energy spread of the electrons, and the former resembles the normal distribution, we will consider gaussian pulses (packages). Introducing a normalizing factor P such that u 2 (x, t) d(x − ct) = 1, and substituting it into (19), we get
with τ ≡ x − ct and k 0 = 1/λ carrier .
The interference term of two gaussian pulses,
being the norm of a pulse, offset by τ , possesses an exact form
In practical cases a photon pulse in undulators comprises many periods, σk N u . Therefore exp(−σ 2 k 2 ) ∼ exp(−N 2 u ) ≪ 1 and the interference term (21) can be simplified:
Expression (22) allows for computation the power density (16) and consecutively the coherence factor. The term (16) consists of the exponential factor depending of widths of pulses, and an oscillating cosine factor responsible for variation of the carrier frequency between two pulses.
C. Connection to the undulator radiation
Within adopted approximation of small recoil, neglecting an initial energy spread in electrons and the frequency spread due to the maximal pulse width (equal to the reduced undulator length), the wave vector k 0 and the width of envelope cast into:
where σ e is the dispersion of electron's energy, determined in Sect. II. The reduction of the wave vectors and the envelope width, and the displacement τ read
Ultimate coherency -maximum on-axis density of radiation -is attainable by means of keeping the carrier frequency constant. This can be done by proper tapering of the undulators, see [10, 23, 24] . Further we will refer to the cases of constant carrier frequency as 'tapered'.
Examples of the interference terms are plotted in Fig. 6 . As it can be seen from the plots, with increase in the pulse number m interference with the neighboring pulses decreased faster. For a general (untapered) case, the interference terms undergone oscillations.
Energy density D m as a function of number of emitted photons, beginning from the front end m = 1 is plotted in Fig. 7 , the coherence factor in Fig. 8 .
As it can be seen from Fig. 7 , radiation from the front end of the undulator displays coherency. With increasing in the number of radiated out pulses radiation becomes less coherent. Deviation from the coherent limit (the blue curve in Fig. 7 ) is more severe for the non-tapered undulator.
D. Coherency criterion
A criterion that indicates coherency length extends of the undulator downstream, counted from the frontend (the most coherent radiation), may be established from a mere contraction that the exponent power in (22) is equal to minus unity:
For the most coherent tapered undulator, the number of coherent pulses is
Multiplying ξ * by number of the undulator periods for emitting a single photon ν 1 , Eq. (15), we get the number of the coherent undulator periods that turn out to be independent of the undulator parameter K:
with λ u [m] being scaled in meters. The case of untapered undulator is more complicated. Nevertheless, for a limiting case when the undulator parameter is not too small,
the number of coherent pulses is determined only by the undulator parameter:
Positions of corresponding coherency criteria are indicated with diamonds in Figs. 7,8 . As it is anticipated, the tapering substantially increases coherency of singleelectron radiation. 
IV. SUMMARY AND CONCLUSIONS
A novel method for evaluating the energy spectrum of electrons emitting the undulator-and the inverse Compton radiation was developed. The method based on Poisson weighted superposition of electron states is applicable for whole range of the emission intensity per electron pass through the driving force, from much less than unity emitted photons (Compton sources) to many photons emitted (undulators). The method allows for account contributions in the energy spread both from the Poisson statistics and diffusion due to recoils. As it was shown, for the case of small number of photons emitted per pass the electron spectrum is mainly determined by the spectrum of recoils, while for many photons emitted major contribution comes from the Poisson law of recoils distribution. The theoretical results were confirmed by simulations. The evaluated width of electron spectrum, see (13) , is larger than that derived in [11] for 1D Poisson model or the diffusion model considered in [12] since it accounts for the both processes.
The electron energy spectrum was used for evaluation of the on-axis density of photons and their coherency making use of the 'carrier-envelope' presentation for the emitting photons. The evaluated maximum coherency degree of single-electron radiation is obtained to be proportional to the undulator spatial period and inversely to the energy of electrons, the number of coherently emitted undulator periods almost independent of the undulator deflection parameter (for the ultimate case of the tapered undulators). The results of our study are applicable both for the classical limit of low-energy undulator radiation and for the quantum limit of Compton gammaray sources.
'Classical limit' for the coherency criterion corresponds to the case when all of photons are emitted at the resonant frequency and the pulse width (envelop) equal to the reduced length of an undulator, σ p = N u λ p (1+K 2 )/(4π). The number of photons in the classical limit, → 0, would be taken equal to the number of undulator periods. Thus we have the classical density D cl ∝ N 2 u , see e.g. [25] .
The Compton sources produce incoherent radiation. This statement follows from a simple estimation: Even for a long-period laser, λ las = 10 µm, and a low-energy electrons, γ = 100, the number of coherently radiated periods would not exceed 10.
The introduced coherency criterion (17) does not work for number of pulses emitted in average by single electron less than unity, ξ ≤ 1. Rigorously speaking, due to Poisson distribution of photons in the case ξ ≪ 1 coherency -modulation in angular distribution -will be of order ξ: P 2 (ξ)/P 1 (ξ) ≈ ξ/2, which is least of practical interest.
Increase in the undulator brightness, which is directly connected to the coherency of single-electron on-axis radiation, for higher energy of emitted photons requires enlarging the undulator spatial period together with increasing the electrons energy: λ u /γ = const. In this case the energy of on-axis photons will increase in direct proportion to the energy of electrons. Tapering of the undulators are crucial for coherency of radiation, untapered undulators provide much less on-axis density of radiation.
